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Computations of High-Speed, High Knudsen Number
Microchannel Flows
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The effect of varying the Knudsen number Kn in microchannel � ows was simulated using the direct
simulation Monte Carlo method (DSMC) combined with the monotonic Lagrangian grid (MLG). The
DSMC– MLG, a method that provides automatic grid re� nement according to number density, has been
optimized for massively parallel computation and provides a fast, highly resolved description of the � ow.
New out� ow boundary conditions, consistent with the DSMC– MLG algorithm, were developed to allow
the user to specify the out� ow pressures. The effect of varying Kn was examined for three different values
of Kn (0.07, 0.14, and 0.19) for a high-speed in� ow by varying the channel height. A Navier– Stokes
computation was also performed to show continuum regime � ow. The computations provide contours of
pressure, temperature, and Mach number to show complex interactions among oblique shocks and bound-
ary layers, and how these change with the Kn. Temperature jumps and slip velocities as functions of
position along the wall are compared for all cases. The computations show that the velocity slip is ap-
proximately constant behind the shock, while the temperature jump is reduced.

Nomenclature
i, j = grid indices
L = characteristic length
N = data structure
s = second
T = temperature, K
u = streamwise velocity, cm/s
V = velocity
x, y = Cartesian coordinate

= mean free path

Subscripts
f = � uid
th = thermal
x, y = Cartesian coordinate

= freestream

Introduction

M ICROMINIATURIZATION of devices, such as mi-
croactuators, microrefrigerators, and microgenerators,1,2

has become important because of their applications to medical
and engineering problems.3,4 Combining these micromechani-
cal systems with electronic sensors could result in controllable
integrated systems. The success of designing and fabricating
these devices depends on the operation of a number of com-
ponents, the most fundamental of which are � ows through nar-
row microchannels with dimensions ranging from tenths to
hundreds of microns. Thus, understanding and using the phys-
ics of such � ows is essential in developing micro– electro–

mechanical systems (MEMS). There are still many questions
to be answered on the observed behavior of MEMS � ows,
even for simple planar microchannels.
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In many microchannel systems, the mean free path of the
molecules is of the order of the system size. In these cases,
the Knudsen number Kn = /L, where is the mean free path
of the gas molecules and L is a characteristic length of � ow
gradient in the system, is in a rare� ed gas � ow regime (0.01
< Kn < 10). In this regime, many concepts from continuum
dynamics do not apply, and molecular-level kinetics must be
explicitly considered. Because of the small dimensions of
many microchannels, the Reynolds number is extremely low
( 10), which means that the viscous forces are comparable to
the inertial forces. Therefore, viscous momentum transport
from the wall to the � ow is a very important aspect of the
microchannel � ow. In addition, the behavior of the � uid near
the walls is poorly understood. Rough surfaces and high gra-
dients in the � uid variables, such as velocity and pressure, may
affect transport in ways different from those in larger systems.
These boundary-layer effects may lead to Knudsen numbers
that are even higher than the bulk-� ow estimates.

Bulk micromachining technology has been used to make
microchannels with precise dimensions.5,6 Using such chan-
nels, measurements of the pressure differences across the chan-
nels and the � ow rates for very low-velocity � ows6– 8 show
that there are de� nite differences between continuum predic-
tions and the experiments. The small size of the microchannels
results in high Kn and failure of the traditional continuum scal-
ing laws.

The direct simulation Monte Carlo method (DSMC) is a
well-established method for modeling � ows for which Kn >
0.1.9 It can be used to describe two very different physical
situations that produce large values of Kn. For rare� ed gas-
dynamics characterized by high-altitude � ows, the mean-free-
path of the particle is large and the density is low. In the last
few years, DSMC has been extensively used for studying such
problems as the � ows around the Space Shuttle orbiter10 at
altitudes of 100 km. For microchannel � ows, Kn is large be-
cause the dimensions of the channel are small. The DSMC has
only recently been used to simulate � ows in microdevices.11,12

A conventional DSMC approach involves tracking the tra-
jectories of simulated particles on a � xed spatial grid that de-
� nes the spatial cells. In an effort to automatically adapt the
grid to account for changing � ow properties, a new technique
based on a monotonic Lagrangian grid (MLG) has been de-
veloped.13 The MLG is a general data structure in which the
nodes can represent particles. The MLG ensures that particles
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close in physical space are close in computer memory. Using
the MLG data structure, physical space is divided into a num-
ber of templates (cells), each containing the same number of
particles. Recently, the DSMC and MLG were combined to
produce a method with automatic grid adaptation based on
changes in basic � ow properties.13 This automatic grid adap-
tivity is extremely useful when there are evolving or unfore-
seen steep gradients.13,14 This method has also been parallelized
and optimized to produce a fast and ef� cient code for treating
very large numbers of particles, so that the properties of more
realistic and larger systems can be accurately computed.15

In material processing, various DSMC boundary conditions
such as a vacuum pump rate boundary condition and variable
porosity wall boundary conditions have been developed.16,17

However, in most rare� ed hypersonic channel-� ow simula-
tions,18,19 the vacuum condition is used as an out� ow boundary
condition. Yasuhara et al.18 tested a mirror image supersonic
out� ow boundary condition proposed by Vogenitz et al.20

Comparisons to computations using the vacuum boundary con-
dition showed that there was a signi� cant difference between
the two boundary conditions. However, the boundary condition
of Vogenitz et al.20 was applicable to the � ows that have no
streamwise gradient. For microchannel � ows operating at at-
mospheric conditions at the out� ow, feedback from outside the
computational domain may be substantial and vacuum bound-
ary conditions give erroneous results. Recently, characteristic21

and imposed pressure boundary conditions12 have been devel-
oped for MEMS � ows in nonvacuum boundary conditions.

This paper presents results of a study of high Kn micro-
channel � ows at pressures above atmospheric. We � rst present
an analysis that shows that it is impractical to simulate high-
pressure � ows for which the ratio between the � uid velocity
V f and molecular thermal velocity V th is very small. The lim-
itation on the computation arises because of the monumentally
large number of small timesteps and the signi� cant number of
ensembles that are required to eliminate the effects of statis-
tical � uctuations. Then, the effect of varying Kn is examined
for three different values of Kn for a high-speed in� ow by
varying channel height. To our knowledge, there has been no
consistent documentation in the literature on how a channel
� ow varies as Kn goes from low (0.01) to fairly high (0.2)
values. A new out� ow boundary condition was developed to
accommodate the subsonic out� ow conditions that are needed
in this study.

Method
The MLG is a general data structure for organizing and sort-

ing data in any number of dimensions.22 In the problem de-
scribed here, we have two-dimensional data structure. The lo-
cation of each node in the MLG data structure is determined
by the set of constraints:

x(i, j ) x(i 1, j ) for 1 i N 1, all jx
(1)

y(i, j ) y(i, j 1) for 1 j N 1, all iy

where the set (Nx, Ny) de� nes the data structure, and (i, j )
represents the grid indices in the x and y directions. Particle
positions are swapped in memory to achieve and then maintain
this MLG order. Once the nodes are sorted into MLG order,
the interactions between nearby nodes are found by searching
through index space rather than physical space. For example,
the neighbors of a particle stored at the location (i, j ) in a two-
dimensional array can be found by searching the neighboring
array locations (i 1, j ), (i 1, j 1), (i, j 1), etc. The
MLG conditions de� ned by Eq. (1) are not suf� cient to de� ne
a unique order for the particles within the data structure. Re-
cent studies by Sinkovits et al.,23 addressing issues involved in
constructing an MLG with the best properties, determined that
the best quality MLGs are, in fact, the easiest to obtain. The
MLG has been used previously in molecular dynamics24 cal-

culation, and recently, Cybyk13 has shown that it can be com-
bined with DSMC.

It is possible to abandon the � xed spatial grid in a conven-
tional DSMC calculation by using the MLG. Particle templates
are de� ned by groups of the particles that are subdivided into
the nearest-neighboring blocks containing equal numbers of
particles. Therefore, the locations of the particles are then used
to de� ne the boundaries of the templates. In contrast to con-
ventional DSMC, each template in the DSMC– MLG is
formed by de� ning a group containing the same number of
particles. The result is that the template grid automatically
adapts to account for the local changes in number density in
the system.

The grid can become very distorted in regions of high mo-
lecular concentrations and extremely large gradients. This can
result in a nonphysical situation in which collisions between
spatially close particles are ignored while interactions between
more widely separated particles are considered. In addition,
the irregular shapes of the highly skewed templates in the dis-
torted region of the grid can lead to errors in the evaluation
of the template areas.13 To minimize these problems, a grid-
restructuring technique, stochastic grid regularization23 (SGR)
is employed. In applying SGR, the following additional steps
are taken. The particles that have been put in MLG order are
randomly displaced in space, and the data are swapped until
monotonicity conditions are satis� ed for the perturbed node
positions. Finally, data are swapped until the monotonicity
conditions are satis� ed for unperturbed node positions. A de-
tailed study performed to determine the optimal SGR param-
eters for a hypersonic wedge � ow shows that the grid gives
the most accurate results when it adapts to the � ow structure.15

Use of the massively parallel Connection Machine has al-
lowed us to perform more resolved and longer computations.15

The DSMC– MLG parallelization is performed on two differ-
ent levels. First, simulated particles are mapped onto proces-
sors, and then particle templates are mapped separately onto
the processors. Communication between the two levels is op-
timized. In addition, a method to improve load-balancing was
developed, which also has the bene� t of decreasing required
computer memory. The most intensive communication be-
tween the particle and template arrays takes place during the
calculation of binary collision. Calculating binary collisions at
the particle level is inef� cient because it leads to a situation
where the majority of the processors are idle, and thus, to a
load-balancing problem. In the parallelization technique used
here, a collision pair is chosen randomly at the particle level
and then interprocessor communications are used to transfer
the data for the pair from the particle arrays to the template
arrays. All operations are then carried out at the template level,
and the results after the collisions are then communicated back
to these particle arrays. These procedures are repeated until
each template satis� es the requirements set by the no time
counter (NTC)9 collision method at each timestep. All inde-
pendent particles in each template participate in the collision
process. This means that the parallel collision method pre-
serves the statistical independence in selecting collision pairs.
As a result, the remapping converts global communications
between particles into the local communications between par-
ticles in each template.

The parallel ef� ciency, de� ned as the increase in computing
speed divided by the number of processors used, was measured
for computations based on 51,200, 132,072, and 528,288 sim-
ulated particles.15 For the calculations done using 51,200 par-
ticles, the parallel ef� ciency is poor, dropping below 40% at
512 processors. However, the ef� ciency increases as the num-
ber of simulated particles and templates increases. With
528,288 particles, the ef� ciency reaches approximately 80%.
Computing time required by the parallel DSMC – MLG code
was signi� cantly decreased compared to other parallel efforts.
For more detailed information on the parallelization, refer to
Oh et al.15
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Fig. 1 Schematic for the microchannel � ow simulations:
, freestream section and specular surface; , wall condition
and fully diffuse.

The Rayleigh problems9 has been used as a standard prob-
lem for validating DSMC codes. The DSMC one-dimensional
solutions of this problem have been validated by comparing to
both Bhatnagar, Gross, and Krook (BGK) and analytical so-
lutions. This Rayleigh problem was used to test two-dimen-
sional versions of the parallelized DSMC– MLG. 15 Also, ex-
tensive tests of resolution and sample size were performed for
the hypersonic, high-Kn � ow in the channel– wedge con� gu-
ration.14

Problems for Computing Low-Speed
Microchannel Flows

The most comprehensive experimental study of microchan-
nel � ows has been performed by Pong et al.,7 using He and
N2 gases. Typical channel dimensions are 1.2 m high by 5

m wide by 3000 m long. The undisturbed gas pressure and
temperature are 1 atm and 298 K, respectively, and the in� ow
velocity is approximately 20 cm/s.

Timesteps and Resolution Limitation

Because the number density at 1 atm is so much higher than
that of any rare� ed pressure condition, the mean collision time
is very small, of order of 10 10 s. In DSMC, the computational
timestep9 must be less than the mean collision time. The par-
ticle transit time, which is the time that a � ow with speed 20
cm/s takes to pass through the channel, is 10 2 s. Therefore,
the minimum number of timesteps to reach the steady-state
� ow condition requires 108 timesteps. Such a calculation
would be well beyond the capabilities of current computers.

A full three-dimensional simulation of the experiments
would also be impractical because of the large number of com-
putational cells required. One of the conditions that must be
satis� ed during a DSMC procedure is that the smallest dimen-
sions of the computational cells must not be greater than one-
half of the mean free path. For the microchannel described
earlier, a minimum of 500,000 cells would then be required.

Statistical Scatter

The importance of statistical scatter caused by small pertur-
bations increases as the � ow velocity becomes subsonic, so
that Vf << Vth. For the present problem, the thermal speed is
approximately 1000 m/s. With the 0.2-m/s � ow speed men-
tioned earlier, the statistical noise is four orders of magnitude
greater than the required signal. Therefore, a disturbance in
such a low speed can be completely lost in the noise. However,
as the sample size from either the ensemble or time average
increases, the correct result will, in principle, emerge. The so-
lution of a microchannel � ow at 0.2 m/s would require over
108 samples in a time-averaged steady � ow because the statis-
tical � uctuations decrease with the square root of the sample
size. This statistical scatter is considered in addition to the
intrinsic statistical scatter in the DSMC method. This intrinsic
scatter arises because DSMC represents an extremely large
number of real molecules by a relatively small number of sim-
ulated particles. Reducing these sources of scatter to produce
a reliable solution is beyond the capability of current comput-
ers, and the large number of timesteps that would be required
to reach steady � ow in the large systems may pose an even
more dif� cult problem. Generally, in the DSMC framework,
the � ows with high velocities are much easier to compute than
� ows with low velocity.

The conclusion is that we cannot accurately simulate a 3000-
m channel where the gas is moving at very low subsonic

� ow velocities and the freestream pressure is 1 atm or greater.
Therefore, we begin this study with simulations of high Mach
number microchannel � ows, for which the velocities are of the
same order of magnitude as molecular thermal velocity, and
for much smaller systems.

Computational Domain and Flow Conditions
Figure 1 illustrates the computational domain and wall

boundary conditions for the high-speed microchannel � ow

simulation. For the standard test case, the computational do-
main consists of a rectangular channel, 6 m long by 1.2 m
high, � lled with He gas. There is a freestream section 1 m
long upstream of the leading edges of the channel. The undis-
turbed pressure and temperature are 1 atm and 298 K, respec-
tively.

The variation in Kn was achieved by varying the channel
height, while keeping the ratio of channel height to length
constant. The freestream Mach number of the � ow entering
the channels is the same for all three cases, M = 5. Geometric
properties and � ow conditions are given in Table 1. The lowest
value of Kn = 0.07 (case 1) is close to the continuum regime,
and Kn = 0.14 and 0.19 (cases 2 and 3) are in the transitional
regime. The local Kn, de� ned earlier in the introduction sec-
tion, was also calculated for three different cases. The mini-
mum, maximum, and averaged values for cases 1, 2, and 3 are
shown in Table 2.

At the start of a calculation, all particles are initialized with
the same value of the streamwise velocity. The channel sur-
faces are kept at the freestream temperature 298 K. Two sets
of computations were performed, one using the hard sphere
(HS) collision model and another using the variable hard
sphere (VHS) collision model. All of the results presented here
are for the VHS model. The convection timestep is 10% of
the mean collision time of the undisturbed gas.

The upper and lower boundaries in the region 0 x 1
m (drawn as thinner horizontal boundary lines in Fig. 1),

which is the region just before the channel walls begin, are
modeled using a specularly re� ecting boundary condition. This
means that the molecular velocity component normal to the
surface is reversed during the interaction, while the component
to the surface remains unchanged. The use of the specular
boundary condition prevents the disturbance from affecting the
upstream boundary. We refer to the conditions in this regime
as the uniform freestream � ow condition of the problem. The
upper and lower wall boundary conditions are fully diffuse,
which means that the velocity of each molecule after re� ection
from the walls is randomly determined from the appropriate
thermal distribution. The temperature of the wall determines
the appropriate thermal distribution to use.

When using the in� ow-out� ow boundary condition devel-
oped by Cybyk,13 the length of the computational domain is
not � xed. Particles leaving index space at the out� ow were
reused in the simulation by reintroducing them again at the
in� ow with the appropriate in� ow conditions. In this study, the
� xed-length in� ow-out� ow condition that Nguyen et al.14 de-
veloped was used. The idea for maintaining this constant-
length boundary is that the boundary condition is applied in
physical space rather than in index space.

An out� ow boundary condition is used that accounts for
� nite pressures outside the computational domain. This is done
by de� ning a virtual (or ghost) region outside of the compu-
tational domain, drawn by the dotted lines in Fig. 2. Virtual
particles, represented by white circles, are distributed through
this region. These particles do not move during the computa-
tion. Thus, there are no interactions between particles and
walls. However, the templates, represented here by polygons,
are composed of both virtual and real particles. For example,
Fig. 2 shows templates formed by 3 3 particles. By speci-
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Table 1 Flow conditions for the microchannel simulations

Quantity

Case

1 2 3

xmax, m 12 6 4.4
ymax, m 2.4 1.2 0.88
Freestream distance, m 2 1 0.73
Kn 0.07 0.14 0.19
Number of templates 3,712 928 928
Number of particles per tem-

plate
6 6 7 7 7 7

Total number of particles 133,632 45,472 45,472
M —— 5.0 ——
Number density, cm 3 —— 2.456 1019 ——
T , K —— 298 ——
Mean free path for undis-

turbed gas, cm
—— 0.169 10 4 ——

Undisturbed gas pressure,
dyne/cm2

—— 1.01 106 ——

Table 2 Values of maximum, minimum, and
averaged local Kn for cases 1, 2, and 3

Local Kn

Case

1 2 3

Minimum value 0.0004 0.0043 0.0045
Maximum value 1.47 1.64 7.2
Averaged value 0.19 0.21 0.49

Fig. 2 Out� ow boundary treatment using virtual templates and
particles; black and white circles are real and virtual particles,
respectively.

Fig. 3 Computational mesh, as determined by the c.m. of the
templates for Kn = a) 0.07, b) 0.14, c) 0.19. The x and y coordinates
are normalized by channel height.

fying an exit backpressure in the virtual region, the area of
each template that includes any virtual particles (therefore, in-
cluding mixed templates) is updated according to the equation
of state. Therefore, the areas of the virtual templates are con-
tinually changed by this imposed pressure. These updated tem-
plate areas are used in the collision process. The possible num-
ber of collision pairs for each template is changed as a function
of template area. This means that out� ow boundary informa-
tion represented by backpressure is transmitted by intermolec-
ular collisions. Therefore, the out� ow boundary, shown by the
thick vertical line at x = xmax, should intersect the boundaries
of templates. The collision velocities of virtual particles are set
by copying the velocities of real particles close to xmax onto
the virtual particles. This can be done because the velocities
of virtual particles are almost the same as the velocities of
particles close to the out� ow boundary. These velocities are
for computational purpose only. These out� ow boundary con-
ditions, which are consistent with the DSMC– MLG algorithm,
can prescribe the out� ow backpressures.

High-Speed Microchannel Flow
Figures 3a– 3c show the computational grids for cases 1– 3,

respectively, after the � ows have reached a steady state. The
intersections of the grid lines indicate the locations of the cen-
ters of mass of the templates. For a reasonably accurate DSMC
computation, the computational cell size should be half of the
mean free path.9 In the present computations, the freestream
mean free path is constant for all three cases; therefore, Kn is
function of the channel height. The number of cells for case
1 (near-continuum regime) was doubled in each direction com-
pared to that for cases 2 and 3 (transitional regime). The hor-
izontal and vertical axes of a microchannel are normalized by
the maximum channel height. Because the aspect ratio of the
channel height and length remained constant for all three cases,
the normalized x and y dimensions are the same.

Initially, the grid is uniform for all three cases. However, as
the � ow evolves, it changes dynamically in response to
changes in the local particle density. All three grids are nearly
uniform in the freestream section (0 < x < 0.8), then adapt
according to the incident oblique shocks emanating from the
leading edges of the channels (x = 0.8). Comparing Fig. 3 to
contours of pressure and Mach number (Figs. 4 and 5) shows
that the different grids have adapted according to the angles
and strengths of the oblique shocks. The grids for all cases are
less skewed downstream where the � ow is relatively smooth.
This grid adaptation, which produces more accurate solutions
for a given grid resolution, is a property of the DSMC– MLG
approach. After the � ow reached steady state, the next 500
timesteps were used to compute time-averaged solutions. The
statistical scatter is reduced through this time-average proce-
dure.

Flow Dynamics

Pressure, Mach number, and temperature contours are
shown in Figs. 4– 6, respectively. The same normalized x- and
y-coordinate system was used in Fig. 3.

Pressure contours, shown in Figs. 4a– 4c, show how the � ow
changes with Kn. Figure 4a shows two bow shocks emanating
from the leading edges of the microchannel. These two bow
shocks intersect at x 2.0, and then separate and extend to
the walls. The waves resulting from the intersection of the bow
shocks are diffuse and the shock re� ections from the walls are
very weak. The highest pressure appears at the point of shock
intersection. This intersection of the bow shocks is not seen
for larger values of Kn (Figs. 4b and 4c) because the shocks
are even more diffuse and weaker. Figure 4a also shows the
strong pressure gradients across the bow shocks near the walls
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Fig. 5 Mach number contours at steady state, Kn = a) 0.07, b) 0.14, and c) 0.19.

Fig. 4 Pressure contours at steady state. Kn = a) 0.07, b) 0.14, and c) 0.19.

of the leading edges. These gradients become weaker away
from the walls because the incident shock strength is weakened
by the expansion waves at the leading edges,26 an effect that
is consistent with oblique shock theory. The pressure is highest
at the center of the computational domain in Fig. 4c, Kn =
0.19, and then it gradually decreases downstream.

Mach number contours are shown in Figs. 5a– 5c. As the
Kn increases, the leading-edge shocks become thicker and the
oblique shock angles measured from channel wall are greater.
For Kn = 0.07, the higher Mach number region represented
approximately by the M = 3.0 contour, extends far downstream
along the channel center. As Kn increases, this region moves
upstream, because of the increased importance of viscosity that
slows and heats the � uid. Even though the freestream Mach
number is the same for all three cases (M = 5), the Mach
number range downstream of the leading oblique shocks varies
from supersonic to subsonic. At the out� ow boundary, the ve-
locity for Kn = 0.07 is supersonic, except in the vicinity of the
walls. However, the � ow speed is subsonic at the out� ow
boundary for the Kn = 0.19 case. These cases again show the

necessity of using an out� ow boundary condition that can han-
dle both supersonic and subsonic conditions. In front of the
leading edges, detached bow shocks are formed because of the
viscous boundary layers.25 At Kn = 0.19, the detachment is
most severe and near the wall, and these bow shocks are nearly
normal. This is consistent with experimental and theoretical
predictions25 where detached shock waves of a continuum gas
are normal to the freestream direction on the axis of symmetry
of obstacle.

The growing boundary layer begins to form at the leading
edge of the channel. This boundary layer presents a growing
wedge to the approaching supersonic � ow, which is de� ected
by the wedge angle. The wedge angle of the Kn = 0.07 case
is just over 14 deg (measured from the density contour, not
shown here), and the oblique shock angle (also measured from
density contour) is about 22 deg. The theoretical oblique shock
angle26 determined for a monatomic gas at this freestream
Mach number and wedge angle is 25 deg. This is relatively
good agreement, even though the theory is for a continuum
case. The boundary layers of Kn = 0.07, originating at the
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Fig. 6 Temperature contours at steady state. Kn = a) 0.01 (NS solution), b) 0.07, c) 0.14, and d) 0.19.

leading edges of the walls, continuously grow up to x = 2.4.
Then re� ected shock waves from the walls (Fig. 4a) suppress
the growth of boundary layers. After that, boundary layers
again start growing. This boundary-layer growth can be seen
after x = 2.4 in Fig. 5.

Temperature contours are presented in Fig. 6 along with a
comparison of a Navier– Stokes (NS) solution for an essen-
tially continuum case of Kn = 0.01 (Fig. 6a) to DSMC– MLG
results (Fig. 6b– 6d). The NS computations were performed
using a parallelized code based on � ux-corrected transport
(FCT) for convective transport and central-differencing for dif-
fusive transport.27 In this regime of very small Kn, NS com-
putations are much more ef� cient and faster than DSMC com-
putations. These were performed on a 254 62 uniformly
spaced grid with no-slip velocities at the wall. The thickness
of thermal boundary layer increases with Kn, a trend that is
consistent with the behavior of the calculated oblique shock
angle and thickness.

Velocity Slip and Temperature Jump

The streamwise velocity and temperature pro� les (Figs. 7
and 8) were determined by interpolating from the templates to
points on the x = 0.8, 1.6, 2.4, 3.2, 4.0, and 4.8 lines. The
vertical axis is the normalized y coordinate ( y/ymax) and the
horizontal axis is the magnitude of the variable.

All three cases show a primary peak at the centerline of the
streamwise velocity pro� les shown in Figs. 7a– 7c. The peak
values at different downstream stations are relatively constant
in the Kn = 0.07 pro� le. However, because of the strong vis-
cous effect, the peak values of Kn = 0.14 and 0.19 are signif-
icantly reduced as the � ow develops downstream. For higher
Kn, there is more slip near the channel entrance. In particular,
consider x = 1.6. At this location, the velocity slip increases
by almost a factor of 2 from Kn = 0.07 to 0.14, and only
slightly from Kn = 0.14 to 0.19. However, the velocity slip at
the wall does not change signi� cantly beyond x = 2.4 for any
case studied.

The temperature pro� les along the various x stations, Fig.
8a– 8c, show the development of thermal boundary layers. Fig-
ure 8a for Kn = 0.07 shows twin peaks in all the pro� les, then
these peaks merge downstream. In this case, the fully devel-
oped state is not reached downstream in this calculation. For
Kn = 0.14, the peaks merge at x = 3.2, where the � ow reaches

a fully developed state. Downstream of this, the peak value of
temperature gradually decreases. For Kn = 0.19, the fully
developed state occurs at x = 2.4, and then the peak value at
the centerline decreases signi� cantly downstream. In all cases,
the temperature jump is largest close to the channel entrance
(x = 1.6), and the size of jump increases as Kn increases. How-
ever, the temperature jump is reduced downstream for higher
Kn.

Viscous Effects

Figures 9 and 10 show the Mach numbers, pressures, tem-
peratures, and densities at the centerline and walls, respec-
tively. The behavior of the variables along the centerline (Fig.
9) can be compared qualitatively with results obtained from
the one-dimensional compressible, viscous � ow solution in
constant-area ducts with friction (Fanno solution25). Even
though the incoming velocity at the inlet has oblique shocks
emanating from the tip of the wall, we can still compare our
results downstream of the shocks to the Fanno solution. The
Mach number for the � ow Kn = 0.07 is still supersonic after
the shock. Therefore, the Mach number decreases along the
channel, but does not reach sonic conditions. The temperature,
pressure, and density increase along the channel. These facts
are all consistent with the Fanno results. However, for the tran-
sitional � ow regime (Kn = 0.14 and 0.19), the � ow becomes
subsonic and then the Mach number increases along the down-
stream direction. The pressure, temperature, and density (Figs.
9b– 9d) decrease, which is consistent with the Fanno results.

Figure 10 shows the pro� les of Mach number, pressure, tem-
perature, and density at the wall. All three values of Kn show
similar trends, but the shock thicknesses are different. The
shock thickness of Kn = 0.07 was measured by using the cur-
vatures of pressure at the wall, where the shock is normal
(Figure 10b) based on 95% of the pressure difference across
the shock. This was then compared to the approximate nu-
merical prediction of shock-layer thickness solving Boltzmann
equation (Mott– Smith solution)28 for large values of Mach
number. In this work, Mott– Smith performed the calculation
with a bimodal distribution function that weighted the sum
of the upstream and downstream distribution function. The
Mott– Smith result showed fairly good agreement with ex-
perimental data, particularly for M > 4. The Mott– Smith ratio
of the shock thickness to the freestream mean free path for a
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Fig. 7 Streamwise velocity pro� les at various normalized x locations along the channel; x = 0.8, 1.6, 2.4, 3.2, 4.0, and 4.8 for different
Kn = a) 0.07, b) 0.14, and c) 0.19.

Fig. 8 Temperature pro� les at various normalized x locations along the channel; x = 0.8, 1.6, 2.4, 3.2, 4.0, and 4.8 for different Kn = a)
0.07, b) 0.14, and c) 0.19.
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Fig. 9 Centerline ( y = 0.5) pro� les for different values of Kn: a) Mach number, b) pressure, c) temperature, and d) density.

Fig. 10 Wall (y = 0) pro� les for different values of Kn: a) Mach number, b) pressure, c) temperature, and d) density.

monatomic gas is 3.4. The value from the present DSMC
calculation with the VHS model is about 3.55, and the value
obtained from the computations (not shown) using the HS
model is 3.8. The differences may come from the way the ratio
is determined graphically from the DSMC calculation or the
approximate distribution function used in the Mott–Smith so-
lution. Once again, as Kn increases, the shock is thicker.

Conclusions
The massively parallelized DSMC– MLG code was used to

study high-speed high Kn microchannel � ows. For this problem,
a new out� ow boundary condition, consistent with DSMC– MLG
algorithm, was developed to allow specifying the out� ow pres-
sures. An important aspect of obtaining good agreement comes
from the adaptive grid system based on local number density.
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Low-speed � ows in many current experiments are very ex-
pensive to simulate by DSMC because the statistical � uctua-
tions are very large when the thermal speeds are much larger
than � ow speed. Therefore, the present study focused on Kn
effects in high-speed � ows.

The effect of varying Kn was investigated for a � ow of He
gas initially at 298 K and 1 atm. Three different values of Kn
(0.07, 0.14, and 0.19) were set by varying the channel height,
while the aspect ratio between the channel height and length
was held constant. A Navier– Stokes computation was also
performed to provide the result for a limiting value, Kn = 0.01.
The Kn = 0.01 and 0.07 cases could be considered as contin-
uum and near-continuum � ow, and the other two cases are in
the transitional regime � ow. The downstream development of
� ow variables qualitatively follows the prediction of the the-
oretical Fanno prediction. Also, the shock thickness measured
in the near-continuum regime agrees fairly well with the nu-
merical prediction obtained solving the Boltzmann equation.
Given the � ow de� ection angle, the oblique shock angle for
M = 5 with Kn = 0.07 agreed fairly well with theory.

The results show that the � ow changes signi� cantly as a
function of Kn. As Kn increases, the shock thickness and
oblique shock angles at the entrance to the channel increase.
A new, unexpected result from this study is the behavior of
the velocity slip and temperature jump as a function of position
along the wall as Kn is varied. We � nd that the velocity slip
and temperature jump at the channel entrance also increase as
Kn increases. Moving downstream in any one calculation, the
magnitude of the velocity slip is essentially constant, while
that of temperature jump gradually decreases.
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